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1. Introduction 

The Hochschild cohomology ring of any associative algebra, together with 
the Hochschild homology, forms a structure of calculus. This was proved in 
|DGT| . In this paper, we compute the calculus structure for the preprojec- 
tive algebras of Dynkin quivers over a field of characteristic zero, using the 
Batalin-Vilkovisky structure of the Hochschild cohomology. Together with 
the results of [CBEG], where the Batalin-Vilkovisky structure is computed 
for non-ADE quivers (and the calculus can be easily computed from that), 
this work gives us a complete description of the calculus for any quiver. 

The Hochschild homology and cohomology spaces and the duality between 
them was established in [EE2]. The cup product structure of the Hochschild 
cohomology was computed in [ES2] for the quivers of type A and [Eu2j for 
the ones of type D and E. We use the notations from these papers and give 
the calculus structure in terms of the bases which were defined there. 

First, we compute the Connes differential on Hochschild homology by 
using the Cartan identity. Since it turns out this differential makes the 
Hochschild cohomology ring a Batalin-Vilkovisky-algebra, this gives us an 
easy way to compute the Gerstenhaber bracket and the contraction map. 
Then we use the Cartan identity to compute the Lie derivative. 

Acknowledgements. C. Eu wants to thank his advisor P. Etingof for 
useful discussions and V. Dolgushev for his explainations about calculus. 

2. Preliminaries 

2.1. Quivers and path algebras. Let Q be a quiver of ADE type with 
vertex set / and |/j = r. We write a € Q to say that a is an arrow in Q. 

We define Q* to be the quiver obtained from Q by reversing all of its 
arrows. We call Q = Q U Q* the double of Q. 

Let C be the adjacency matrix corresponding to the quiver Q. 

The concatenation of arrows generate the nontrivial paths inside the 
quiver Q. We define e{, i E I to be the trivial path which starts and ends 
at i. The path algebra Pq = CQ of Q over C is the C-algebra with basis 
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the paths in Q and the product xy of two paths x and y to be their con- 
catenation if they are compatible and if not. We define the Lie bracket 
[x, y]=xy- yx. 

Let R = 0j G j-Cej. Then R is a commutative semisimple algebra, and Pq 
is naturally an i?-bimodule. 

Notation 2.1.1. Throughout this paper, we write "(g) = <8>b". 

2.2. Probenius algebras. Let A be a finite dimensional unital C— algebra. 
We call it Frobenius if there is a linear function / : A — > C, such that 
the form (x,y) := f(xy) is nondegenerate, or, equivalently, if there exists 
an isomorphism <f> : A A* of left A— modules: given /, we can define 
0(a)(6) = f(ba), and given 0, we define / = 0(1). 

If / is another linear function satisfying the same properties as / from 
above, then f(x) = f{xa) for some invertible a € A. Indeed, we define the 
form {a, b} = f(ab). Then {—,1} 6 A*, so there is an a £ A, such that 
0(a) = {-, 1}. Then f(x) = {x, 1} = </>(a)(x) = f(xa). 

2.3. The Nakayama automorphism. Given a Frobenius algebra A (with 
a function / inducing a bilinear form (— , — ) from above), the automorphism 
rj : A — » A defined by the equation (x, y) = (y, rj{x)) is called the Nakayama 
automorphism (corresponding to /). 

2.4. The preprojective algebra. Given a quiver Q, we define the prepro- 
jective algebra Uq to be the quotient of the path algebra Pq by the relation 

EM*] = o. 

a€<2 

Given a path x, we write x* for the path obtained from x by reversing all 
arrows. 

From now on, we write A = Uq. 

2.5. Graded spaces. Let M = (Bd>oM(d) be a Z + -graded vector space, 
with finite dimensional homogeneous subspaces. We denote by M[n] the 
same space with grading shifted by n. The graded dual space M* is defined 
by the formula M*{n) = M(—n)*. 

2.6. Root system parameters. Let wq be the longest element of the Weyl 
group W of Q. Then we define v to be the involution of I, such that 
■^0(0^) = — a v(i) (where a.{ is the simple root corresponding to i £ /). It 
turns out that r/(ej) = e v n\ ([S]; see |ES2] ). 

Let rrii, i = 1, ■■■,r, be the exponents of the root system attached to Q, 
enumerated in the increasing order. Let h = m r + 1 be the Coxeter number 
of Q. 

Let P be the permutation matrix corresponding to the involution v. Let 
r+ = dimker(P — 1) and r_ = dimker(P + 1). Thus, r_ is half the number 
of vertices which are not fixed by v, and r + = r — r_. 

A is finite dimensional, and the following Hilbert series is known from 
[MOV1 Theorem 2.3.]: 
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(2.6.1) H A {t) = (1 + Pt h )(l -Ct + t 2 )-\ 

We see that the top degree of A is h — 2, and for the top degree A top part 
we get the following decomposition in 1-dimensional submodules: 



(2.6.2) A top = A(h - 2) = eiA{h - 2)e u{i) 

iei 

3. Hochschild cohomology and homology 

The Hochschild cohomology and homology spaces of A were computed in 
[EE2] . We recall the results: 

Definition 3.0.3. We define the spaces 

U = ® d<h -2HH°{A){d)[2l 

L = HH°(A){h-2), 

K = HH 2 (A)[2], 

Y = HH 6 (A)(-h-2). 

Theorem 3.0.4. For the Hochschild cohomology spaces, we have the fol- 
lowing natural isomorphisms: 



HH°(A) 


= U[- 


-2} £ 


)L[h-2], 


HH 1 (A) 


= U[- 


-2], 




HH 2 (A) 


= K[- 


-2], 




HH 3 (A) 


= K*\ 


-2], 




HH 4 (A) 


= U*{ 


-2], 




HH 5 (A) 


= U*[ 


-2]( 


SY*[-h-2], 


HH 6 (A) 


= U[- 


-2h - 


-2]®Y[-h-2] 



and HH 6n+i (A) = HH i {A)[—2nh] Vi > 1. 



4 



Ching-Hwa Eu 



Theorem 3.0.5. The Hochschild homology spaces of A, as graded spaces, 
are as follows: 

HH (A) = R, 
HHi(A) = U, 
HH 2 (A) =U®Y[h], 
HH 3 {A) = U*[2h]®Y*[h], 
HH 4 (A) = U*[2h]. 
HH 5 (A) = K [2h], 
HH G (A) = K[2h], 



and HH 6n+i (A) = HHi(A)[2nh]Vi > 1. 

In |EE2j . an isomorphism HH,(A) = HH 8 ~'(A)[2h + 2] was introduced. 
However, because of the periodicity of the Schofield resolution (with period 
6), we get for every m > an isomorphism 

(3.0.6) D : HH.(A) ^ H H 6m+2 — (A)[2mh + 2] 

Notation 3.0.7. In and [Eu2j . the basis elements z k G U[-2\ C HH°(A), 
co k € L[h-2], 9 k G U[-2] = HH\A), f k G K[-2] = HH 2 (A), h k G K*[-2], 
Cfc G U*[-2] = HH 4 (A), G U*[-2] C HH 5 (A), and e k G Y*[-h-2] were 
introduced. 

Our notations are taken from |Eu2] and are different from those in [ES2] : 
z k in |ES2j corresponds to Z2 k in our notations, 
z m corresponds to u; h-3 , 

2 

g k corresponds to 02 k , 

ip k corresponds to Ci-fc and Cfc corresponds to Q\_ k for I = / ^ ^ Q — ^4™' neven 

For Cfc G HH l (A), < z < 5, we write cj^ for the corresponding cocycle 
in HH t+&s . We write c k t for a cycle in HHj+Qt, < j < 5 which equals 

We also introduced the maps a : K — > ET* and /3 : y* — > 1" there. 

4. The calculus structure of the preprojective algebra 
We recall the definition of the calculus. 
4.1. Definition of calculus. 

Definition 4.1.1. (Gerstenhaber algebra) A graded vector space V* is a 
Gerstenhaber algebra if it is equipped with a graded commutative and as- 
sociative product A of degree and a graded Lie bracket [,] of degree —1. 
These operations have to be compatible in the sense of the following Leibniz 
rule 
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(4.1.2) [7,71 A 72] = [7,7i] A 72 + (-l) fcl(fc+1) 7iA[7,72], 

where 7 S V k and 71 € V kl . 

We recall from [CST] that 

Definition 4.1.3. (Precalculus) A precalculus is a pair of a Gerstenhaber 
algebra (V*, A, [,]) and a graded vector space W* together with 

• a module structure i % : V* <8> W~* — > W~* 0/ the graded commutative 
algebra V* on W _ *. 

• an action C, : V* +1 ® W~* — > W~* 0/ f/je graded Lie algebra V* +1 
on W - * which are compatible in the sense of the following equations 

(4.1.4) ta £ 6 - (-l) |0|(|b|+1) Aia = t [a , 6]) 
and 

(4.1.5) £ aM = 6 + (-l) M ia £ 6 . 

Definition 4.1.6. (Calculus) ^4 calculus is a precalculus (V, W*, [, ], A, i., >C») 

u>z£/i a degree 1 differential d on W* such that the Cartan identity, 

(4.1.7) jr a = di a -(-lpt a d, 

holds. 

Let A be an associative algebra. The contraction of the Hochschild 
cochain P E C k (A, A) with the Hochschild chain (ao,ai, • • • ,a n ) is defined 
by 



(4.1.8) I P (a ,ai, . . . ,a r , 
We have 



(o P(ai, . . . ,ajfc),Ofc + i, ... ,a n ) n> k, 
else. 



Proposition 4.1.9. (Yu. Daletski, I. Gelfand and B. Tsygan \BGT\ ) 

The contraction Ip together with the Connes differential, the Gerstenhaber 
bracket, the cup product and the action of cochains on chains ( ^D| (3.5), page 
46] J induce on the pair (HH'(A,A),HH 9 (A,A)) a structure of calculus. 

5. Results about the calculus structure of the Hochschild 
cohomology/homology of preprojective algebrasof Dynkin 

QUIVERS 

We state the results in terms of the bases of HH'(A) and HH,(A) which 
were introduced in Notation 13.0.71 



Theorem 5.0.10. The calculus structure is given by tables 1, 2, 3 and the 
Connes differential B, given as follows 
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The Connes differential B is given as follows: 

k 

Bi + 6 S {9k,s) = (1 + - + sh)z kyS , 
B 2+ 6 S (uj k}S ) = (i + s)/i/3 _1 (^Jfc,s)> 

B2+&s{Zk,s) = 0, 

B 3+ 6s(4>k,s) = ((a + - 1 - ^)Cfc, 

£>3+6s(£fc,s) = 0, 

-B4+6S = 0, 

B 5+6s (h k:S ) = (s + l)ha~ 1 (h k , s ), 

B6+6s = 0. 



;, 

a 




<^M 




^M 




Cm 


h,t 


fi,t 


(«) 


\Zk"l)t-s 




{z k Zl)t-s 


(Z k 1pl)t-s 






5koh,t-s 


$kofl,t-s 










^I0^k,t-s 





hiipo,t-s 











oi s} 








(Zl9k)t-s 


{Z k lpl) t -s 


SkoP(ei,t-s) 








4o«(/m) 


M 
Jk 


%)a(/fc,t-s-ij 


U 


°lOJk,t-s-l 


<S, )ft _ 3 (fc + 1)- 

#/i-3,t-s-l 


U 


5i, h - 3 {k + iy 

Zl,t-s 


OklWO,t-s 




h {s) 
a k 








$iohk,t-s-i 








9h-3,t-s 





S k l^0,t-s 


As) 


{Zl1p k )t-s-l 





{Zl(k)t-s-l 


<5fc,/i-3<^,h-3 - 
tt(/^ t -,-l) 





^k,h-3^l,h-3' 


fik,h-3fil h=3- 
' 2 


5 k:h „ 3 (l + I)- 


4" 


-5ioP{e k ,t-s) 




^,o£fc,t-s-i 





Co,t-s-l 











*?> 








(zjfcVOt-s-l 








8k,h-38l,h-3- 
Oi(fh-3,t-s-l) 





<5 fci/l _ 3 (^ + 1)- 
9h-3,t-s 



Table 1. contraction map t a (6) 



b 

a 


z 2 






At) 
h 


/,?> 


At) 


e z 


/(*) 


(s) 





-Skosh- 


(I " s/i)- 
(^) (s+<) 





-S k osh- 
a-\h\ s+t) ) 








(l-shy 

(zkCi) {s+t) 





















-(f + 1 + */»)■ 





«?> 






(±* + (8-t)h)- 


-(l + th)- 
S k oft +t) 


(-1 + ( S - 


-(2 + | +th)- 

(zk(i) is+t) 


-(1 + + 


_(2+*±I + (t- s )/i). 

(*k^) (s+t) 


a!' 1 











-(1 + s/i)- 








-(k + IV 
^ -r ±) 

{i + shy 

X (s+t+1) 
0l,h-3Z h _ 3 












(s - 


_(/j±i+^). 

' (s+t+1) 
z /i-3 





'Js+t+l) 
^h-3 


A*) 


















Sk,h-3^l,h-3- 
As+t+1) 
J h-3 

2 






































(s-t)h- 
h,h-3^l,h-3' 
a(ft\ t+1) ) 

2 



Table 2. Gerstenhaber bracket [o, 6] 



\^ b 


Vl,t 












h,t 


Ji,t 




(1 + 5 +*/»)■ 

[ZkVlh-s 


Sk0^l,t-8 


(l + *£ + (t- a )fc). 

(ZkZl)t-s 


( (t+ 

{ZkVih-s 


(*+(t- s ))/i. 
$kO £ l,t-s 


((t-s + l)h 


(t + l)h- 

A, h. 


(t-s + l)h- 

A, f, 

<>kOjl,t-s 


As) 
h 


-(1 + «/»)■ 
Slofk,t-s-l 


n 
u 


n 
u 


-(1 + «/»)■ 

<Jj,/i-3^/i-3,t-s 


n 
u 


n 
u 


<5fciCo,t-.s 


n 
u 


h (s) 


(1+th)- 

Siohk,t-s-i 





(5 J0 (< - s)h- 
a _1 (/ife,t- s -i) 


(*/»+^)- 
&h-3,t-s 





Zh-3,t-s 


(t + l)/l- 


((*- 5 + 1)^-1)" 


As) 


-(2 + | + s/i)- 

(^Cfe)t-s-l 








,t-S-l 








Sk,h-3^i h=3- 

' 2 

Zh-3,t-s 





4" 


(( S +!)/,+ !). 


_(( S + 

<5fciCo,t— s— 1 






















(1 + 5 

{Zl1p k )t-s-l 





((t-s)h 

-i-¥)- 

(^Cfc)t-s-l 


5fc,/i-3<5/,/i-3- 

a(%3, t _ s _!) 





(t - s)h- 

Sk,h-3^l,h-3 

fh^,t-,-i 


(t + l)fc- 
Sk,h-3^l,h-3- 
0h-3,t-s 


((t-s)h 
+1 + ^)- 

<>fc,h-3 
Zh-3,t-s 


(a) 


(k - sh) 

{ZkQl)t-8 


-Skosh 





{Zk(l)t-s 








(k-sh)- 
a _1 (/i M _ a ) 





^k 


(l+th)- 

Sl0^k,t-s 





$0(5 + *-«)/»■ 

/? _1 (wjfc,t- s ) 





<5« -(-1 + h 
+(t-s)h)- 

Co,t-s 












Table 3. Lie derivative £ a (6) 
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6. Batalin-Vilkovisky structure on Hochschild cohomology 

Recall the isomorphism (|3,0.6p . It translates the Connes differential 
B : HH 9 (A) — > HH a+ i{A) on Hochschild homology into a differential 
A : HH*(A) — > HH*~ l {A) on Hochschild cohomology, i.e. we have the 
commutative diagram 

HH.(A) — HH. +1 {A) 



HH 6m+2 —(A)[2mh + 2] HH 6m+1 _.(A)[2mh + 2] 

Theorem 6.0.11. (BV structure on Hochschild cohomology) A makes HH'{A) 
a Batalin-Vilkovisky algebra, i.e. for the Gerstenhaber bracket we get the fol- 
lowing equation: 

(6.0.12) [a,b] = A(aU6)-A(a)u6-(-l) |a| aUA(6), Va, b G HH*(A). 

The isomorphism B intertwines contraction and cup-product maps, i.e. 
we have 

(6.0.13) D(i,c)=i)UB(c), Vc G HH,(A), rj G HH'(A). 

Remark 6.0.14. Note that A in equation (|6.0. 12 j) depends on which m G N 
we choose to identify B : HH.(A) -4 HH 6m+2 —(A)[2mh + 2], where the 
Gerstenhaber bracket does not. 



Proof. We apply the functor 

Homyie(— , A CEDc A) : A e — mod — > A e — mod, 

M i-> M v 

on the Schofield resolution: 
(6.0.15) 

(A®A) V d X (A®V®Ay % {A®A[2]Y d X (A®N[h]) y % 

JV JV JV JV 

-4 (A ® V M[h]) v A (A ® JV[7i + 2]) v -4 (A ® A[2h]) y % . . 

An element in (A ® A) v or (A tg) AA) V is determined by the image of 1 (g> 1, 
An element in (A®V ® A) v or (A ® V <S> A/") v by the images of 1 g) a (8) 1 for 
all arrows a G Q. 

Let us define a = 

We make the following identifications: 

(A ® A)[-2m/i] = (A ® A[2m/i]) v : 
we identify x ®y with the map that sends 1 ® 1 to <7 m y ® 

(A ® V (8) A)[-2m/i — 2] = {A®V® A[2mh]) v : 
we identify e aX a ®o,*®y a with the map that sends l(g)a<8>l to —o- m y a (&x a , 



r +i q = a, 

1-1 Q = D,E 
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(A ® A)[-2mh -2] = (A® A[2mh + 2]) v : 
we identify x ® y with the map that sends 1 ® 1 to —a m y ® x, 

(A®M)[-(2m + l)h] = (A®M[(2m + l)h]) v : 
we identify x ® y with the map that sends 1 ® 1 to —a m rj{y) ® x, 

(A(8> V , (8).A/')[-(2m + l)/t-2] = (A <g> V AA[(2m + l)/i]) v : 
we identify ^ e a x a ® ??(a*) <8> y a with the map that sends 1 <g> a ® 1 to 

cr m+1 r/(y a ) x a , 

(A(g)7^)[-2(m + l)h - 2] = (4 ® A[2{m + + 2]) v : 
we identify x ®y with the map that sends 1 ® 1 to a m+1 7](y) ® x, 

so ()6.0.15p becomes 

(6.0.16) 

(A® A) d X (A®V®A) d l(A®A[-2}) d i(A®M[-h}) d l 

H v d v r/ v H v 

-A {A®V ®M[-h-2}) -A (A®N[-h-2\) -A (A® A[-2fc]) A... 

We show under the identification from above, the differentials cCj- corre- 
sponds to the differentials from the Schofield resolution, i.e. f|6.0. 16j) can be 
rewritten in this form: 

(6.0.17) 

/ a as da [-2] , . di[-2] , , . r d 6 [-2h-2] 

{A® A) -A J (A ®V® A) W(A®A[-2]) l ^ 

M ^ h ~ 2] (A ® Af[-h]) M ~^- 2] (A ® V®N[-h - 2]) di[ ~^ 2] 
d4 ^ h ~ 2] (A®M[-h - 2]) d3[ -^ 2] (A ® A[-2h]) M ^ h ~ 2] . . . 
It is enough to show this for the first period. 

d\ {x ® y)(l ® a ® 1) = (x ® y) o (o ® 1 — 1 ® a) = ay ® x — y ® xa, 

so 

c£((x®y) = e a (xa®a* ®y—x®a* ®ay) = e a {xa®a* ®y+x®a®a* y) = d,2{x®y), 

agQ aGQ 

d%C^2e a x a ®a*®y a )(l®l) = (J^ e a x a ® a* ® y a ) o (J^ e 6 6 ® 6* ® 1 + e&l <8> b ® b*) 

aeQ aeQ beQ 

= y^(e a a*y a ® x a - e a y a ® x a a*), 

aeQ 

SO 

d ^C^Z e a x a ®a* ®y a ) = ^e Q (x a a* ®y a - x a ®a*y a ) = d l (e a x a ®a*®y a ) 1 

aeQ aeQ 

dz(x®y)(l®l) = (x®y)o('^2 Xi®x*) = — xiy®xx* = — ) r}(x* i )y®xx i , 

XidB XidB XidB 
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SO 

d%{x®y) = xx i ® x iV(y) = ^2 x V x i ® x i = d 6 (x ® y) 

Xi£B XieB 

d% (x <g) y)(l <g a <g 1) = (x <8> y) o (a <g 1 — 1 <8> a) = —arj{y) <g>x + rj{y) <g xrj(a), 



so 



di(x®y) = ^2e a a(—x ® rj(a*) <Si rj(a)y + xr](a) <Si rj(a*) ® y) 

aeQ 

= ^(e«ra ® a* <g y + e a x (g a (8) a*y) = d 5 (x <g y), 

^5 ( E ® V(a*) ® y a )(l ® a <g 1) 

= ( £ e a x a ® 7/(a*) «> y a ) ° ( E M ® ® 1 + e b l ® 6 <8> 6*)) 

aGQ feGQ 

= ^ E (-CviVa) ®x a + e a r](y a ) (g ar a r/(a*)), 

aeQ 



so 



aGQ aGQ 

= d 4 (^e a x a <g?7(a*)«>y a ), 

dg(a;(gy)(l(gl) = [x ® y) o x^x*) = a ^ x^y) ® xr]{x*) 

= a ^Z x *iV(y) ® xxi = a ^2 x *i ® X V X ^ 
x^B XieB 

so 

c?g (x (g y) = ^ xyxj (g x* = d 3 (x (g y) 
XieB 

Fix m > 0. The map which shifts the degree by —2mh — 2 produces the 
following diagram which commutes by the computations above: 

A®A[2mh + 2] A®V®A[2h] ... 



{A® A) {A®V®A)[-2] 
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A <g> V <g> A 



A® A 



mult. 



A 



... (A®V® A)[-2mh-2] (A ® A)[-mh - 2] A 

Similarly to the proof of [Gl Theorem 3.4.3.], this self-dual morphism of 
the Schofield resolution C* into the dual complex (C*) v can be used to prove 
(|6lU3D. 

(|6.0.12p follows, as in the proof of [G] Theorem 3.4.3.], from (|6.0.13|) and 
the calculus structure. 

□ 

6.1. Computation of the calculus structure of the preprojective 
algebra. Since the calculus structure is defined on Hochschild chains and 
cochains, we have to work with the on the resolution for computations. It 
turns out that we only have to compute Cg Q directly, the rest can be deduced 
from formulas given by the calculus and the BV structure. 



A®A[2] — A®V®A — A® A — A 



H2 



b 3 



b-2 



t'l 



A> 



bi 



bo 



A 







These maps ipi gives us a chain map between the Schofield and the bar 
resolution: 

= l<8>y<8>l, 

/i 2 (l<8)l) = ^ e a l <8> a <8> a* <8> 1, 

aeQ 

// 3 (1<8)1) = ^ e l (8) gj (8 a ® a* (8) x*, 

and 

^3 +i = /ij <8> a ® a* (8) . 

Now, we apply the functor — (8>A e ^ on the commutative diagram: 



4 



A R [2] d ' 2 


> (F<8 


A)' 












> (A® 2 ) R 



A R 



-> 



(A 9 



1\R 



-> 



where 
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/4(x®y) = x®y, 



/40) 



and 



e a a ® a* ® x, 

aeQ 

^ e a Xj (8) a (g> a* <g> x*r](x), 



= ^ Xj <g> a g) a* <g> x* 



Now, we compute Cg : 
Lemma 6.1.1. For each x £ HHi{A), 



(6.1.2) 



£e> (a;) = cc 



deg(x) 



Proof. Via //, we already identified x € HHi{A) with cycles in the Hochschild 
chain, but we still have to identify 9q with an element in Hom^e^® 3 , A): 
given any monomial b = b% . . . 6/, &j G V, the map 



t(1 <g> b <g> 1) = ^ bi . . . bi-i ®bi® bi+i ... h 



i=l 



makes the diagram 



A®V®A — A®,4 



do 



bo 



/I 



commute. 

Applying Hom^ 



A), we get a map 



r* : Hornby) ^Hom fc (i), 

such that 

i 

(9 o r*)(6i . . . k) = Y,h ■ ■ ■ h-x9o(bi)b i+1 ...b x = sib) ■ b, 
i=i 

where for b = b\ . . .bi, s(b) is the number of bi € Q* . 

Recall from JD S (3.5), page 46] that the Lie derivative of 9q ° T * ° n 
Hochschild chains is defined by 
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k 

£-e Q oT*{ai ® ■ ■ ■ ® a k ) = ^ a\ ® ■ ■ ■ ® (flp o T*)(aj) ® • • • ® a k 

i=i 
fc 

= y](s(ai) -I s(afc))ai (8) • • • <8> a k , 

i=l 

and it can easily be checked that for each x G HHi(A), Cq qOT * acts on /^(x), 
x G HH l (A), by multiplication with ^ deg(x). 

□ 
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6.1.1. The contraction map. From 06.0.130 we know that the contraction 
map on Hochschild homology is given by the cup product on Hochschild 
cohomology which was computed in [ES2] and |Eu2] . Table [T] contains these 
results, rewritten in terms of the contraction maps. 



6.1.2. The Connes differential. We start with the computation of the Connes 
differential and recall the diagram from [EE2J: 



degree 



2<deg</i-l HH^A) 
2 < deg < h HH 2 (A) 

h < deg < 2h - 2 HH 3 (A) 

Bz 

h + 1 < deg < 2h - 2 HH 4 (A) 

b a 

2h HH 5 (A) 

B 5 

2h HH 6 (A) 

B 6 

2h + 2 < deg < 3h - 1 HH 7 (A) 

B 7 



U 



u e y[ 



U*[2h]®Y*[h] 



U*[2h] 
o 



K*[2h] 



K[2h] 
o 

U\2h] 
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Proposition 6.1.3. The Connes differential B is given as follows: 



B2+6S (Wfe 
B2+6s(z ( k S 

B3 +6s (xp[ s 

B 3+6s (e^ 
B4+1 

B5+es{h^ j 
Be+es 



(l + ± + 8h)zP, 

0, 

((s + l)/»-l-|)Cfc, 

0, 
0, 

{8 + l)ha- x {h^\ 
0. 



Proof. We use the Cartan identity (I4.1.7P with a G 60, 



(6.1.4) 



£-e = Bi0 o + 



where £5*0 ac ^ s on x G by multiplication by \ deg(x) (see Lemma 

(|6.1.1|) ). The above identities for the Connes differential follow since lq acts 

on \ , ip® and by zero, and z% , /? _1 (u;j^), Q. and a _1 (/i^) are 
their unique preimages the contraction with lq . □ 



6.1.3. The Gerstenhaber bracket. We compute the brackets using the iden- 
tification 

HW{A) = HH Gm+ 2-i(A)[-2mh - 2] for m » 1 and the BV-identity 
(|6.(U2|) . 

Brackets involving HH 6s (A): 



By degree argument these brackets are zero: 
4 S) with if tf 1+6t (A), HH 2+m (A), HH 3+6t (A), HH 4+6t (A), and^ G #F 5+6 ' 
Prom the BV-identity (|6.0.12p . we see that brackets of with zf 1 G 
HH 6t (A), HH 2+6t (A), HH 4+6t (A) and G HH 5+6t (A) are zero because 
A acts by zero on C/[-2i/i - 2] C HH m (A), HH 2+m {A) and HH 4+m (A). 
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We compute the remaining brackets: 

= A # Uw f) ) _A(£)u W f»-z( s »UA(,f) 
=o 

= ^ A(cu{ s+t) ) - + (m - U /T 

= + (m - s - ^/T 1 ^^) - (| + (m - t)h)l3-\u\ s+t) ) 

= -8 k0 sht3-\u\ sJr \ 
[%\0?>] = A(4 S > U if) - A(£) u«f - 4 S) U A(*« ) 

=0 

= A((^) (s+<) ) - (1 + ^ + (m - t)^*,® 
= (l + ^ + (m- S -^)(^) (s+t) 

= (l-<^)(^)(*+*), 



=o 

= <5 fe0 A(/ l/ {s+t) ) - (/i + (m - t - l)/i)4 s) U a" 1 (hf*>) 
= 5 k0 (h + {m-s-t-l)h)a~ 1 (h < i s+t) ) 

-S k0 (h + ( m - t - l)/0a _1 (fy (a+t) ) 
= -Sfcos/ia- 1 ^^), 

[*?U W ] = A(|u#VA^)uf- 2 [ s )uA#) 

=o 

= A((W s+t V(/>-i-^)4 s) <f 
= ((m _ 5 _ t)/l _i_^)( ZfcCj )(-+t) 

-((m-t)h-l- l -)(z k Ci)^ 

= (±-8h)(z,6)M 
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[ W « e «] = Arfu £ f)-A( W W) U£ f-4"u^ 

=o 

= A(6 kl ^ +t ) ~ + (m - -W/TVj ) u ^ 

= - 1 + (m - a - t - l)/i)c£ +t) - + (m- s)h)( 

= S kl (~-l-th)Co 

Brackets involving HH 1+6s (A): 




-(1 + - + (m - s^^i + (1 + g + ("» " 0Wr*i 
(^ + (s-^)(^) (s+t) 



pr./ri = *u/fVA((>/r+fu<) 

=0 

= 5 k0 (A(a(ri s+t) )) - (1 + (m - s)/»)// 8+t) ) 
= 4.o(^ + (m - s - t - l)/i)// s+t) - (1 + (m - 
= -<5 ik0 (l+t/ l )// s+t) 



= A(^U^) - A(^) U ^ + 01 s ' U A(*} 
=o 

- -(1 + (m - a)/i + ^)4 S) U fy (t) + (h + (m - t - l)h)6^ U a -1 ^ 
= -(y«,(l + (m - s)^ (s+t) 

+<5 fc0 (™ - t)hh\ s+t) 
= S k0 (-l + (s-t)h)h\ s+t) 
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=o 

= A((^) (s+t) ) - (1 + \ + (m - U C, (t) 

= (/i-l-^ + ( m - s -t-l)^)(^0) (s+t) 

-(l + ^ + (m-^)(z fe 0) (s+t) 
= -(2 + i + t/ i )(z fc 0) (s+t) 
[#U (t) ] = A#U#)-A(f)u#+«[ s) uAtf») 

V v ' 

=0 

= -(1 + \ + (m - »)^V, (t) + (/»-l-^ + (m-t - 1)W£°C, ( 
= _(2 + ^±i + (t- s )/ l )(z fc ^) (s+ ' ) , 

=o 

= «5 fc0 A(/3( £ ; s+ * ) )) - «5fco(l + (m - s)h + 

= <Mt| + (m - s - t - l)/i)e{ s+t) - (1 + (m - s)/i)e{ s+t) 

= -Ml + (* + \)h)e\ s+t) 
Brackets involving H H 2+6s (A) : 

By degree argument, the bracket of H H 2+6s (A) with HH 2+m (A) is zero. 

=o 

= A(«5 fc rf +t) ) -(h + (m-t- l)h)fl s) U cT 1 ^) 
= 5 k i(h -l + (m-s-t - i)h)Co - S k i(m - t)h( 

= -S kl (l + sh)C ( s+t \ 



A(/Wu<i (t) )-A(/r)UC;"-/ruA(c ( 



k J^l ~ Jk ^^VSi 
=0 

(s+t)> 
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[fi S) M t} ] = A(/WU^)-A(^)U^W-/WUA(^) 

=o 

= A(/« U </f ) -( h -l- l - + (m-t- l)h)fi s) U C/ 
= ^ 3 (fc + l)A(#t + 3 m) ) 

-«i, fc -s((m - ^ - 1 - ^)(* + l)4-3 +1) 

= «y, )ft _ 3 (fc + i)(i + ^ + (m - s - 1 - i)/04 s _3 +1) 

-«i >fc -3((m - t)fc - 1 - ^)(k + l)4 s _ + 3 t+1) 
= -<5^_ 3 (A; + l)(l + S / i )4 s _ + 3* +1) ' 



[/«,£<*>] = A(/^)U £ f ) )-A(/^)U £ W-A/^UA( £ f)) = 



Brackets involving HH 3+6s (A): 
We have 



=o 

= -(^+(m-s-l)^)a ! - 1 (4 s) )U/tf ) 

+(/t + (m - t - u a -1 (^i (t) ) 

= (s - t)ha~\hf) U h® = (s- tMM- 1 )^ 3 ^, 
[h^X^] = A(4 s )ucf ) )-A(4 s ))UCf ) +4 S) UA(C, (t) ) 



=o 

<5 fc) ^<5^_ 3 A(^_ + 3 +1) ) " ( m " ^)^ _1 (4 S) ) U C, W 
^,^^_ 3 ((1 + ^ + ( m -8-t- l)/i)4lt +1) 
-(m-s)/i4 S -i* +1) ) 
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We have 



-(m - s)ha- l (h^ ] ) U ^ W + ((m - t)h - 1 - l -)hf U C, (t) 

-(m - s)hS ki h-3 5i i h-?.0^ + l + ^ > 
l_ 

r 

[fcW >e W] = A(/^^)-A(^)u £ «-A/ l WuA(5f 

=0 =0 

= -(m-s)/ia _1 (4 s) )Uef ) =0. 

4+6s/ 



+((m _ t)fc _ i _ L)s M ^ s _ + 3 +1) 



Brackets involving +bs ( J 4): 

The bracket [(f, <f ] = A(tf > U C, W ) - A(#>) U <f - C£° U A(C? } ) = 
because A is zero on HH 2+6s and HH 4+6s . 

[C^,#] = A((f»U#)-Aau^-(WuA(#), 

=o 

= ^_3<^- 3 A(a(/g +1) )) - ((m -t)h-l- L) C ^ U (f 

2 ^ 

= « fclfc -s*i,fc-s(m - a - t - l)hf^ t+1) - ((m - - 1 - 

2 ^2 

= Sk,h-38l,h-3{sh ^— )/h=3. 

The bracket of HH 5+6s (A) with ffF 5+6s (A): 



[</4 s) , vfi = A(^ s) u } ) -A(vr ) ) u # + u a(vo, 

V v ' 

=0 

= -{{m-s)h-\- t)d s) U # + ((m - t)fc - 1 - ^ U C, ( 
= 8 k , h . 3 S lih . 3 (8-t)ha(f^ t+1) ). 

2 
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6.1.4. The Lie derivative C. We use the Cartan identity (14.1.71) to compute 
the Lie derivative. 

HH 1+68 (A)-Ue derivatives : 

From the Cartan identity, we see that 

^ 9 k s) = Bi 6 {s) + L 6 {s)B ' 
On 9n, Uit, tpit and hit, the Connes differential acts by multiplication with 
\ degree and taking the preimage under Lg , and L g ( s ) acts on them by zero. 

B acts by zero on zj , e[ , Q,t and fij- Since B is degree preserving, this 
means that £q(*) acts on 9i t , uj^ t , ipij and h^ t by multiplication with | their 

(s) (s) 

degree times z k , and on zij, £ k ,t, Ci,t and fij by multiplication with z k and 
then multiplication with ^ degree of their product. So we get the following 
formulas: 







= {l+ l - + th){z k 9i) t - s , 




>(*«,*) 


k + I 

= (1+ 2 +{t s)h)(z k zi)t- s , 












= + (t ~ s))hsi >t - 3 , 




(M 


= ((t + l)h-l- l -)(z k ^) t . s , 




)(Ci,t) 


= ((t - s + l)h - 1 - l -^)(z k Q) t 




\h,t) 


= S k0 (t + l)hhi >t ^ s , 




){fi,t) 


= Sko(t - s + l)hfi )t - s 
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HH 2+6s (A)-Lie derivatives : 

We compute £ ( 3 >: 
Jk 

C w {0 ltt ) = B(l {s) {9 ht ))-i &) {B{6 ht )) 

■> k ■* k J k 

= B((5 J0 a(/ fe)t _ s _i)) - (1 + l - + th))t j s) z h t 

L J k 

= 6io(t - s)hf k ,t-s-i ~ Sio(l + th)fk,t- s -i = Sio(l + sh)fk,t- s , 
£ f (s)(fi,t) = B( i &) (fi,t) ) = o, 

J k i ^ y 

£> f (s){zi,t) = $mB(fk,t-s) = 0, 

J k 

£ f w(ui,t) = B{i f (s)U ht ) + L f wB(ui tt ) = {\ + t)hL f (s)f3~ l {u)i )t ) = 0, 

=0 



£ f (»)Kt) = B(l (s)(e l)t )), 

■' k J k 



£fW&i,t) = B(i>fW(ipi,t))-i>fwBtyi,t) 

Jk Jk Jk 

((1.4- Uh - \ - . .. 

2 fk 



B(Si, h - 3 (k + i)^_3, t - s ) - ((t + - 1 - ^) t/W (Cm) 



3 

= *i,h- 3 (*; + i)(i + + (* - s)h)z h - 3 , t -, 

Sl, h - 3 (k + l)((t + l)h-l- t)z h - 3 , t -s 
= —Si t h-3(k + 1)(1 + sh)Zh-3,t-s, 

£ f oo(0,t) = ^(t (s) (C/,t)) = B{k5i^3Z h _^ t _ s ) = 0, 
C {s) {h h t) = B{l Js){h ht )) - L f {s)B{h ht ) 

•> k •> k •> k 

= B(5 k jipo,t-s) ~(t+ l)hi f ( S )Q _1 (^,t) 

= <Jfcj((* - s + - l)Co,t-. - M< + l)frCo,t- 
= -M s/ * + !)Co,t- s 



The calculus of the Hochschild (co)homology of preprojective algebras of Dynkin quivers 25 

HH 3+6s (A)-Ijie derivatives: 



We compute £,(<>): 
h k 



c h{a) (ef ] ) = B(i h(s) (ef ) )) + L h(s) B(e l , t ) = (i+ l - + th)i h(s) z l!t 

V ' 

=0 

= 6io(l + th)h k ,t- s -i, 
C h (s){zi >t ) = B(Si h k ,t-s-i) = Sio(t - s)ha~ l (h k ^ s -i)i 
£ h (°){ui,t) = B L h{s) {u)ij)+ i h (s)B(u)i tt ) = 0, 



cup product in HH 3 (A) x HH 5 (A) 



£ h M( £ i,t) — Bi M £i t = 0, 

=0 

£ h w(M = B{t h{s) ^ ltt )) + h^B{^ t ) 



=o 

{it + l)h-l - l -)h[ s \^ t = 5 k ^5 l>h _ 3 (th + ^±l)^_ 3;t _, s . 
£ h w((i,t) = B(t h ( B )(Q jt )) = 5 k h-3B(5i jh - 3 d h -3,t-s) 

= Si,h-3((t - s)h H ^ L )z h - 3>t -s, 

£ h w(h,t) = B(i h (s)(hi tt )) + L h i,)B(hi tt ) = {t + l)hb h( s)a- l {hit) 
=o 

= {t + l)h(M- l ) lk ^ s 
£ h W (fi,t) = B (L h (s) {fi,t)) = B(6 k ii/j ,t-s) = $ki{(t -s + l)h- l)Co,t-s 



26 Ching-Hwa Eu 

HH 4+6s (A)-Lie derivatives : 

We compute £j b ) ■ 

£ r (s)(6i,t) = Bl ( S )(0i,t) - i r (s)B(6i t ) = B^zi^ts-i) - iJs)(l + l - + th)zi t 

^k ^k ^k I 

= ((t -s)h-l- ^L){ziCk)t-s-l ~ (1 + \ + th){ziCk)t-s-i 
k 

= (sh - 2 - -)(zi( k )t- s -i, 

*>k 

£>A*){zi,t) = BL is) (z ht )-i is )B(zit) 

^k ^k ^k S ^ J 

=0 

= B((ziCk)t-s-i) = 0, 
£ r (s)(^i,t) = Bij 3) (if}i t ) - L {s) B(ipi t ) 

= <5fc,ft-3*J,h-3-B(a(/h = 3 t _ s _i)) - M.) ((* + - 1 - ^)0,t 
= Sk,h-3$l,h-3((t - s)hfh-3 t _ s l 

= h,h-3Si,h-3(sh ^— )fh=3f_ s _ v 



£,(*) (ei,t) = B iJs) {si, t ) -i As) B(ei jt ) = 0, 

^>k ^k V S 

£A*)(Ci,t) = Bij s) (( l;t )-i (s) B((i >t ) 

^>k ^k ^>k v v ' 

=o 

= ^kh-3^l,h-3B{fh^ t _ s _ l ) = 0, 
£As)(hi,t) = Bi(s)(hi :t )-i(s)B(hi :t ) 

^>k ^>k ^k 

= 5 l h^3 5 k ,h-3B(6 h - 3: t~s) ~{t + l)hi .wa" 1 ^), 

/i-3 
2 

/i + l 



5, h = s<5 fc>h _ 3 z ft _ 3it _ a ((l + — ^— + (t - s)h) - (t + 



£-As)(fl,t) = Bl( s )(fi : t)-lAs)B(f lt ) 

"»fc ^k *>fc V „ / 



=0 

(I + l)<Sfc,fc-3£(zh_ 3) t- a ) = 
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HH 5+6s (A)-Lie derivatives: 

We compute C ( s ) : 

£> £ (s){0i,t) = B(i e ( a )(6i jt )) + i £ ( e )B(0i >t ) 



-k 

= B(-6 lo l3(e k ,t-s-i)) + (1 + 77 + th)i w (z,, t ) 

= — 5/o(t^ + t-s- l)he k ,t- s -i + (1 + th)5 m e ktt -s-i 

= ((s + -)h + l)5io£ k ,t- s -i, 

£j*)(zi,t) = B(l ( S )(zi jt )) = B(e k ,t- s -i) = 0, 

^ e (»)(wi, t ) = B(^( s) (w M )) + ^( 3) .B(u; M ) 



k 



~ ~ !)Co,t-s-l - *w(o + *)Ko,t-s-l 



= -«5fe/(l + + s)h)Co,t-s-i, 
£.oo(Yv) = B{L( s) {^ h t)) + ijs)B(i) lyt ) 



=0 



= ((t + l)h-l- l -)i < s) Q,t = 0, 

C ( s){ei, t ) = BU w {e ht )) = B(-(M^)^Co,t- s -i) = 0, 

£ k z k 

£(.>(Cj,t) = S(y s) C M )=0, 



:0 



£ W (M = B(t W (/i, >t )) + (i + lj^wa-^y) = 0, 

fc fe 



: e( .)(/,, t ) = B( t W (/ J)t )) = o 
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We compute C ( s ) : 



lmziA 1 + i+ th ) = (^V'fe)t-s-i(l + l - + th), 



{zi,t) = Bt w (zi, t ) + t as) B(z ljt ) 

^k ^k S . . 



k — I 

B{{ziip k )t- s -i) = ({t - s)h - 1 —)(zi(k)t-s-i, 



C ( s){u ht ) = Bl (s )(uj ht )+L (s)B(ui :t ) 

^k ^fc 



= (^ + t)hi^ ) r 1 M = o, 

= Bl {s ){^ t )+b (s)B{il) ht ) 

^k ^k ^k 



= ({t + l)h-l- l -)t^ t 



h 3 

h,h-z5i,h-2,{{t + l)h-l — )a(fh-s t _ s _!), 



(ei,t) = B l^s) (e J)t ) B(e J)t ) = 



=0 

= <5fe,ft-3^,/i-3-B(«(/h=3 )t _ s _i)) 

= Sk,h-zbi,h-z{t - s)hfh^_3 t _ s _ v 
£^(s)(hi,t) = BL ( s)(hi t t)+L ( s)B(h l j) = L (a) a- 1 (h l)t )(t + l)h 

^k ^k ^k ^k 

" v ' 

=0 

= Sk,h-35, h=3.(t + l)h9 h _ 3 t _ s , 

' 2 

£/,(») (/m) = £/,w (fi,t) + V s) 

^fc ^k s v / 

=0 

= (I + l)(5 fcih _ 3 5(e h _3 )t - i ) 

= (/ + 1)(1 + (t - S)h + — )6 k , h - 3 Z h - 3tt -s 
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HH 6+6s (A)-Ue derivatives : 

B acts on 6^ t , u>^ t , V'i.t an d h^ t by multiplication with ^ degree and taking 
the preimage under tg . On z^t, £i,t, Ci,t and // jt , acts by zero. Since the 

is) 

spaces U, U* , K, K , 1" and Y* are z^-invariant and 2^ has degree k — 2sh, 
C ( s ) acts on 61 1 , tvi t , i>i t and t by multiplication with \ — sh and taking 

the preimage under ig and multiplication with z k , and on zij, £j,t, C/,t and 
// it it acts by zero. We have the following formulas: 



£ (")(0/,t) 


A; 

= (« ~ sh )( z kOl)t-s, 


£ (•)(«*,*) 

fc 


= o, 


£ M (^m) 


= -<5 fco s/t/3 _1 (u; M _ s ), 


£ (.)(V"i,t) 


k 

= - sh)(z k Ci)t- s , 


£ w( e Z,i) 

fc 


= 0, 


£ w(6,t) 


= 0, 


£ w(fy,t) 


= (| - sh)aT l (hi^ s 


£«(//,*) 

2 fe 


= 



Now we compute £ m : 

We observe that «. 00 0^) = S k iip ,t-s, t ,w(^,t) = <Wifc,t-s; and 

t w w(^i,t) = ^wK*) = ^w(^,t) = t w (.)(Ci,t) = ^wfaw) = fc w «(/w) = °- 
Then we have 

£,w(Q,t) = Bl W (E lf )=(SnB(^(- s ) 

= M(t-s + i)/>-i)CcM- s , 

£« = BLu){z ltt ) = 8 m B(u> k j_ s ) 

k k 

= +* _s )^ _1 ( w M-s)> 

£ W W ((?i,t) = Ljs)B{6 ht ) = {l + \: + th)ij s) z ht 

fc fc ^ fc 

= <5 /0 (1 + th)uj k:t _ s , 

and 

£ w (.)(w Jit ) = £ wW (^j it ) = £ w w(Cj,0 = £ w w(^i,t) = £ w w(/j,t) = °- 
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